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Abstract. We investigate a Mackey type decomposition for any 
induced module from a Hopf subalgcbra of a semisimplc Hopf alge- 
bra. Some general examples from gradings of the fusion categories 
of corepresentations of semisimplc Hopf algebras arc provided. 

1. Introduction and Main Results 

Mackey's decomposition of induced modules from subgroups is a very 
important tool in the representations theory of finite groups. This 
decomposition allows one to describe the process of inducting and then 
restricting in terms of some restrictions followed by inductions from 
different subgroups. 

More precisely, if G is a finite group and M and N are two subgroups 
of G then the well known Mackey's decomposition states that 

(1-1) V ^mIn— ®x£M\g/n( x V I 4/rw) t^MnJV 

for any representation V of M. Here X M := xMx~ x is the conjugate 
subgroup and X V := V is the conjugate x M-representation defined 
by (xmx~ l ).v := m.v for all m G M and v 6 V. The direct sum is 
indexed by a set of representative group elements of all double cosets 
M\G/N of G relative to the two subgroups M and N. 

The goal of this paper is to investigate a similar Mackey type de- 
composition for induced modules from Hopf subalgebras of semisimple 
Hopf algebras. In order to do this, we use the corresponding notion of 
a double coset relative to a pair of Hopf subalgebras of a semisimple 
Hopf algebra that was introduced in [3]. 

We also define a conjugate Hopf subalgebra corresponding to the no- 
tion of a conjugate subgroup. In order to do this we use several results 
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from [2] concerning the product of two subcoalgebras of a semisim- 
ple Hopf algebra as well as Frobenius- Perron theory of nonnegative 
matrices. Using these tools we can prove the following Theorem: 

Theorem 1.2. Let K and L be two Hopf subalgebras of a semisimple 
Hopf algebra H . For any finite dimensional left K-module M there is 
a canonical epimorphism of L-modules 

(1.3) ®c&l\h/k {L ®ld ck 

We remark that there is a similar direction in the literature in the 
paper [TJ. In this paper the author considers a similar decomposition 
but for pointed Hopf algebras instead of semisimple Hopf algebras. 
Also, in [11] the author proves a similar result for some special Hopf 
subalgebras of quantum groups at roots of 1. 

Another particular situation of Mackey's decomposition can be found 
in [3] . In this paper it is proven that for pairs of Hopf subalgebras that 
generate just one double coset subcoalgebra, the above epimorphism 
from Theorem 11.21 is in fact an isomorphism. 

We prove in this paper that for any semisimple Hopf algebra H 
if one has L = kG in Theorem 11.21 then the above epimorphism is 
always an isomorphism. Also, for any semisimple Hopf algebra H some 
general pairs (L, K) of Hopf subalgebras are constructed such that the 
above epimorphism 7Tm is an isomorphism for any module M. Moreover 
Theorem 14.161 shows that for any normal Hopf subalgebra K of H the 
above epimorphism is also an isomorphism if L = K. 

A Mackey pair of Hopf subalgebras is defined as a pair of two Hopf 
subalgebras (L, K) of H for which the above mentioned epimorphism 
is an isomorphism for any finite dimensional module M. we prove 
the following tensor product formula for two induced modules from a 
Mackey pair of Hopf subalgebras. 

Theorem 1.4. Suppose that {L,K) is a Mackey pair of Hopf subalge- 
bras of a semisimple Hopf algebra H . Then for any K-module M and 
any L-module N one has a canonical isomorphism: 
(1.5) 

M tf ®N tf A ®ceL\H/ K ((CK ®k M) ± °^a K ®N I L Ln CR ) | * c K 

This generalizes a well known formula for the tensor product of two 
induced group representations given for example in [T]. 

This paper is organized as follows. In the first section we recall the 
basics on coset decomposition for Hopf algebras. The second section 
contains the definition for the conjugate Hopf subalgebra generalizing 
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the conjugate subgroup of a finite group. These results are inspired 
form the treatment given in [1]. A general characterizations for the 
conjugate Hopf subalgebra is given in Theorem 13.91 

In the third section we prove the main result, Theorem 1 1.2 1 We show 
that for any semisimple Hopf algebra there are some canonical associ- 
ated Mackey pairs arising from the universal grading of the category 
of finite dimensional corepresentations (see Theorem I4.14p . Necessary 
and sufficient conditions for a given pair to be Mackey are given in 
terms of the dimensions of the Hopf subalgebras of the pair and their 
conjugate Hopf subalgebras. In Section [5] we prove the tensor product 
formula from Theorem 11.41 

In this paper k denotes an algebraically closed field of characteristic 
zero. We use Sweedler's notation for comultiplication A but with the 
sigma symbol dropped. All the other Hopf algebra notations of this 
paper are the standard ones, used for example in |12j . 

2. Double coset decomposition for Hopf subalgebras of 
semisimple Hopf algebras 

2.1. Conventions: Throughout this paper H will be a semisimple 
Hopf algebra over k and A H e H denotes its idempotent integral 
(e(A#) = 1). It follows that H is also cosemisimple [10]. If A' is a 
Hopf subalgebra of H then K is also a semisimple and cosemisimple 
Hopf algebra [12]. For any two subcoalgebras C and D of H we de- 
note by CD the subcoalgebra of H generated as /c-vector space by all 
elements of the type cd with c 6 C and d G D. 

Let Gq(H) be the Grothendieck group of the category of left H- 
modules. Then Gq(H) becomes a ring under the tensor product of 
modules and C(H) := G (H)<g> z k is a semisimple subalgebra of H* [IB] . 
Denote by Irr(if ) the set of all irreducible characters of H. Then C(H) 
has a basis consisting of the irreducible characters x Irr (if). Also 
C(H) coincides to the space Cocom(if*) of cocommutative elements of 
if*. By duality, the character ring C(H*) of the dual Hopf algebra if* 
is a semisimple Hopf subalgebra of if and C(H*) = Cocom(if). If M 
is a finite dimensional if -module with character x then the linear dual 
M* becomes a left if- module with character x* '■= X ° S. 

2.2. The subcoalgebra associated to a comodule. Let W be a 

right if-comodule. Since H is finite dimensional it follows that W 
is a left if*-module via the module structure f.w = /(wi)wo where 
p(w) = Wo ® w\ is the given right if-comodule structure of W . Then 
one can associate totfa subcoalgebra of H denoted by CV [9]. This is 
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the minimal subcoalgebra of H with the property that p(W) C W®Cw 
Moreover, it can be shown that Cw = (Ann^»(W / )) ± and Cw is called 
the subcoalgebra of H associated to the right if -comodule W. 

If W is simple right if -comodule (or equivalently W is an irreducible 
if *-module) then the associated subcoalgebra Cw is a co-matrix coal- 
gebra. More precisely, if dim W = q then dim Cw = q 2 and it has a 
a fc-linear basis given by with 1 < i,j < q . The coalgebra struc- 
ture of Cw is then given by A(xjj) = ^ xu <g> xy for all 1 < i,j < q. 
Moreover the irreducible character d G C(H*) of W is given by formula 
d = Y2i=o x a- ft i s easy to check that W is an irreducible if *-module if 
and only if Cw is a simple subcoalgebra of if. This establishes a canon- 
ical bijection between the set Irr(if *) of simple right if *-comodules and 
the set of simple subcoalgebras of H. 

Recall that if M and iV are two right iJ-comodules then M ® N is 
also a comodule with pirn <g> n) = mo <E> n$ (g) mini. 

Remark 2.1. For a simple subcoalgebra C G H we denote by Mq the 
simple H- comodule associated to C . Following [Hj . C and D are 
simple subcoalgebras of a semisimple Hopf algebra H then the simple 
comodules entering in the decomposition of Mq ® are in bijection 
with the set of all simple subcoalgebras of the product subcoalgebra CD. 

2.3. Double coset decomposition for Hopf subalgebras. In this 
subsection we recall the basic facts on double cosets of semisimple Hopf 
algebras developed in [3]. Let L and K be two Hopf subalgebras of H. 
As in [3J one can define an equivalence relation on the set of simple 
subcoalgebras of H as following: C ~ D if C C LDK. The fact that 
r^ is an equivalence relation is proved in [3j. There it is shown that 
C ~ D if and only if LDK = LCK as subcoalgebras of H. 

Proposition 2.2. If C and D are two simple subcoalgebras of H then 
the following are equivalent: 

1) C ~ D 

2) LCK = LDK 

3) A L CA K = A L DA K 

Proof. First assertion is equivalent to the second by Corollary 2.5 from 
[5J. Clearly (2) (3) by left multiplication with Ak and right mul- 
tiplication with Al. It will be shown that (3) =>- (1). One has the 
following decomposition: 

/ 

H = ®LCiK 

i=i 
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where C±, ■ ■ ■ , C\ are representative subcoalgebras for each equiva- 
lence class of r H . 

It follows that A L HA K = 0j =1 A L CiA K . Thus if C oo D then 
A L CA K n A L DA K = which proves (1). □ 

Remark 2.3. The above Proposition shows that for any two simple 
subcoalgebras C and D of H then either LCK = LDK or LCK n 
LDK = 0. Therefore for any subcoalgebra D C LCK one has that 
LCK = LDK. In particular, for L = k, the trivial Hopf subalgebra, 
one has that if D C CK then DK = CK. 

2.3.1. Notations: For the rest of the paper we denote by L\H/K the 
set of double cosets LCK of H with respect to L and K. Thus the 
elements LCK of L\H/K are given by a choice of representatives of 
simple subcoalgebras in each equivalence class of r^ . Similarly, we 
denote by H/K be the set of right cosets CK of H with respect to K. 
This corresponds to a choice of a representative simple subcoalgebra in 
each equivalence class of r H . 

^ fe, K 

Remark 2.4. As noticed in [3] one has that LCK £ -M-k and therefore 
LCK is a free right K -module. Similarly LCK £ ^Ai and therefore 
LCK is also a free left L-module. 

As noticed in Corollary 2.6 of [3] it follows that two simple subcoal- 
gebras C and D are in the same double coset of H with respect to L 
and K if and only if 

c d 
(2.5) A L —A K = A L —A K . 

e(c) e(d) 

where c and d are the irreducible characters of H* associated to the 
simp subcoalgebras C and D. In particular for L = k, the trivial Hopf 
subalgebra one has CK = DK if and only if 

2.6 cA K = ^rdA K . 

e(d) 

2.4. Principal eigenspace for < C >. For a simple subcoalgebra C 
we denote by < C > the Hopf subalgebra of H generated by C. If d is 
the character associated to C we also denote this subalgebra by < d >. 

Recall [3] that e(d) is the Frobenius- Perron eigenvalue of the nonneg- 
ative matrix associated to Ld on the character ring C(H*). In analogy 
with Frobenius-Perron theory, for a subcoalgebra C with associated 
character d we call the space of eigenvectors of L& corresponding to the 
eigenvalue e(d) as the principal subspace for L d . 
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Next Proposition is a particular case of Theorem 2.4 of [3]. 

Corollary 2.7. The space of principal subspace of L\ K is A K C(H*) 
and it has a k-linear basis given by A^d where d are the characters of 
a set of representative coalgebras for the right cosets of K inside H. 

Theorem 2.8. Let C be a subcoalgebra of a semisimple Hopf algebra 
H with associated character d £ C(H*). Then the principal subspaces 

of Lfi and L. coincide. 

J a A <d> 

Proof. Let V be the principal subspace of L <d> and W be the principal 
subspace of L d . Then by Corollary 12.71 one has that V = A <d> C(H*). 
Since dA <d> = e(d)A <( i> then clearly V C W. 

On the other hand since A<<2> is a polynomial with rational coeffi- 
cients in d (see Corolarry 19 of [13] )it also follows that W C V. □ 

Lemma 2.9. The equivalence class under rj? K of the trivial subcoalge- 
bra k is the set of all simple subcoalgebras of K. 

Proof. Indeed suppose that C is a simple subcoalgebra of H equivalent 
to the trivial subcoalgebra k. Then CK = kK = K by Proposition 
[H Therefore C C CK = K. Conversely, if C C K then CK C K 
and since CK e M% it follows that CK = K. Thus C ~ k. □ 

2.5. Rank of one sided cosets. Let K be a Hopf subalgebra of a 
semisimple Hopf algebra H. Consider the equivalence relation rff K on 
the set 1tt(H*) of simple subcoalgebras of H. As above one has C ~ D 
if and only if CK = DK. Therefore 

(2.10) H = ® c& h/kCK 

Proposition 2.11. If D is a simple subcoalgebra of H and e £ K is 

an idempotent then 

DK ® K Ke = DKe 

as vector spaces. 

Proof. Since H is free right .fT-module one has that the map 

: H ®k Ke — > He, h (&k re H- hre 

is an isomorphism of if -modules. Using the above decomposition 12.101 
of H note that <p sends DK ® K Ke to DKe. □ 

Corollary 2.12. Let K be a Hopf subalgebra of a semisimple Hopf 
algebra H. For any simple subcoalgebra C of H one has that the rank 
of CK as right K -module is dim^CA^. 

Proof. Put e = Ak the idempotent integral of K in the above Propo- 
sition. □ 
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2.6. Probenius-Perron eigenvectors for cosets. Let T be the lin- 
ear operator given by right multiplication with on the character 
ring C(H*). Using Proposition 2.5 from [3] it follows that the largest 
eigenvalue in absolute value of T equals dim .ft". Moreover a basis of 
eigenvectors corresponding to this eigenvalue is given by cAk where 
c G Irr(i?*) runs through all irreducible characters associated to the 
right cosets CK G H/K. 

Now let C and D be two simple subcoalgebras of H with associated 
irreducible characters c and respectively d. Since dcAx is also an eigen- 
vector of T corresponding to the same eigenvalue dim K it follows that 
dcAx is a linear combination of the the eigenvector basis eA^ with 
E G H/K is the simple subcoalgebra of H associated to the irreducible 
character e G Irr(iJ*). Thus one can write 

(2.13) dcA K = ^ m d,c e ^K 

for some finite subset Ad, c G H/K and some nonzero scalar s m dc G 
k*. Applying Remark 12.11 it follows that 

(2.14) DCK = @ eeAd EK 

where as above E is the simple subcoalgebra of H associated to the 
irreducible character e G lvr(H*). 

2.7. Double cosets for Hopf subalgebras of H coming from 
gradings of Rep(fP). Recall that a Hopf subalgebra L of H is called 
a normal Hopf subalgebra if it is stable under the left and right ad- 
joint action of A on itself. When if is a semisimple Hopf algebra it is 
equivalent for L to be closed only under the left adjoint action, i. e 
hiLS(h 2 ) C L for any h G H. 

Let L + := Lnker e and set H//L := H/HL + . Since HL + is a Hopf 
ideal of H (see [12]) it follows that H//L is a qoutient of Hopf algebra 
of H. Moreover, (H/ / L)* can be regarded as a Hopf subalgebra of H* 
via the dual map of the canonical Hopf projection ttl : H — > Hj / L. 

For any irreducible character d G Itt(H*) we denote by Cd be the 
simple subcoalgebra of H associated to the character d (see [9]). 

2.7.1. Gradings of fusion categories. In this subsection we recall few 
basic facts on gradings of fusion categories from [S] that will be further 
used in the paper. For an introduction on the basics of fusion cate- 
gories one might consult [6j. Let C be a fusion category and 0{C) be 
the set of isomorphism classes of simple objects of C. Recall that the 
fusion category C is graded by a finite group G if there is a function 
deg : 0(C) — > G such that for any two simple objects X, Y G 0{C) it 
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follows that deg(Z) = deg(X) deg(Y) whenever Z G 0(C) is a simple 
object such that Z is a constituent of X ® Y. Alternatively there is a 
decomposition: 

(2.15) C = ® geG C g 

such that the the tensor functor of C sends C g <S> Ch into C g h- Here C g 
is defined as the full abelian subcategory of C generated by the simple 
objects X of C satisfying deg(X) = g. 

2.7.2. Gradings on Rep(if*). Let C = Rep(if*). Since H* is also a 
semisimple Hopf algebra it follows that C is a fusion category. Let also 

(2.16) C = @ g£G C g 

be the universal grading of C. 

For any subset M C G define Cm '■= ©m emCm as a full abelian 
subcategory of C. Thus C(C A/ ) = U meM 0(C m ). Let also H{M) to 
be the subcolagebra of if generated by all the simple subcoalgebras of 
H whose irreducible if *-characters verify that Irr(if (M)*) = 0{Cm)- 
Thus as coalgebras one has 

H(M) = C d . 

{d<=0{C m ) \meM} 

If M is a subgroup of G then using Remark |2.1 1 it follows that H(M) 
is a Hopf subalgebra of H. 

Proposition 2.17. Let H be semisimple Hopf algebra and G be the uni- 
versal grading group o/Rep(if*). Then for any arbitrary two subgroups 
M and N of G, the set of double coset H(M)\H/H(N) is canonically 
bijective to the set of group double cosets M\N/G. 

Moreover the bisection is given by H(M)CH(N) i— > Mdeg(C)N. 

Proof. By Remark 12.11 note that one has the following equality in terms 
of irreducible if *-characters: 

Itt(H(M)CH(N)) = 0(C Mdcg{c)N ) 

Thus if H(M)CH(N) = H(M)DH(N) then deg(C) = deg(L>) which 
shows that the above map is well defined. Clearly the map is surjective 
and the injectivity of the map also follows from Remark 12.11 □ 

The proof of the previous Proposition implies that the coset H x = 
H{M)CH(N) with deg(C) = x is given by 

(2.18) H x = C d 

{deO(Cmxn) | m£M, n€N} 
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3. The conjugate Hopf subalgebra c K 

In this section we define the conjugate Hopf subalgebra K appear- 
ing in Theorem 11.31 Let as above if be a semisimple Hopf algebra. For 
any simple subcoalgebra C of H with associated irreducible character 
c G Itt(H*) consider the following subset of irreducible if *-characters: 

(3.1) C K = {d G Irr(iT) \dcA K = e(d)cA K } 

where as above G K is the idempotent integral of K. 

Recall from [H] that a subset X C Irr(if*) is closed under multipli- 
cation if for every two elements c, d G X in the decomposition of the 
product cd = J2 e &rr(H*) m c,d e one nas c G X if m e 7^ 0. Also a subset 
X C Irr (H*) is closed under " * " if x* G X for all x G X . 

Following [2] any subset X C Irr (if*) closed under multiplication 
and "*" generates a Hopf subalgebra H(X) of H defined by 

(3.2) H(X) := ® xe xC x . 

Proposition 3.3. The set c K C Irr(if*) is closed under multiplica- 
tion and "*" and it generates a Hopf subalgebra c K of H. Thus 

(3.4) c K = ® de c K C d 

Proof. Suppose that d, d' G K. Then dd'cAx = e(dd')cAK and there- 
fore by the relations from Subsection 12.61 it follows that ecAx = cAk 
for any irreducible constituent e G Irr(if*) of dd'. Thus c K is closed 
under products. Since H is finite dimensional, it is well known that 
any subbialgebra of H is also a Hopf subalgebra. Therefore any set 
closed under product is also closed under "*". □ 

Sometimes the notation C K will be used for K where c G Irr(if*) 
is the irreducible character associated to the simple subcoalgebra C. 

The notion of conjugate subcoalgebra K is motivated by the following: 

Proposition 3.5. If C = kg with g G G(H) a grouplike element of H 
then k9 K = gKg- 1 . 

Proof. Indeed, suppose that D G ° K. If d is the associated irreducible 
character of D then by definition it follows that dgA^ = gA^- Thus 
g^dgAjt = Ax- Therefore the simple subcoalgebra g~ l Dg of H is 
equivalent to the trivial subcoalgebra k. Then using Lemma 12.91 one 
has that g~ x Dg C K and therefore c K C gKg^ 1 . The other inclusion 
gKg' 1 C c K is obvious. □ 



Remark 3.6. 



10 



SEBASTIAN BURCIU 



(1) Using Proposition ^. H it follows from the definition of conjugate 
Hopf subalgebra that CK is a left c K-m.odv\e. 

(2) Note that if C(H*) is commutative then K D K. Indeed for 
any d G Itt(K*) one has dA^ = e(d)Ax and therefore dcAx = 
cdA K = e(d)cA K . 

(3) If K is a normal Hopf subalgebra of H then since Ak is a central 
element in H it also follows that c K D K. 

3.1. On some properties of the conjugate Hopf subalgebra. 

Proposition 3.7. Let H be a semisimple Hopf algebra and K be a 
Hopf subalgebra of H . Then for any simple subcoalgebra C of H one 
has that K coincides to the maximal Hopf subalgebra L of H with 
LCK = CK. 

Proof. The equality c KCK = CK follows from the character equality 
A c k cAk = e(A c k )cAk- Conversely, if LCK = CK by passing to the 
regular iJ*-characters and using Equation 12.51 it follows that A^cA^ = 
e(A^)cA^ which shows that L C K. □ 

Note the that the previous corollary implies that C KC C CK. 

Corollary 3.8. One has that C K C CKC*. 

Proof. Applying the antipode S to the above inclusion one obtains 
that C* C K C KC*. Therefore CC* C K C CKC* and then one has 



Theorem 3.9. One has that K is the largest Hopf subalgebra L of 
H with LC CCK. 

Proof. Clearly C KC C CK. Suppose now that LC C CK for some 
Hopf subalgebra L of H. Then by Remark 12.31 it follows that LCK = 
CK. Thus by passing to regular characters one has that A L cA K = 
e{Ai)cAx which shows the inclusion L C K. □ 

Proposition 3.10. Let H be asemismple Hopf algebra and K be a 
Hopf subalgebra of H . Then for any subcoalgebra D C CK one has 



that D K = C K. 

Proof. One has that °KCK = CK. If D C CK then by Remark 
1231 one has that C KDK = C KCK = KC = KD which shows that 



C K C CC* C K C CKC*. 



□ 



C K 



D K. 



□ 



4. A Mackey type decomposition 



4.1. Proof of Theorem dm 



SEMISIMPLE HOPF ALGEBRAS 11 

Proof. Since H = Q)c£L\h/kLCK and each LCK is a free if-module 
one has 

(4.1) M t£|f = H® K M = ®ceL\H/K(LCK ® K M) 

Consider the fc-linear map ir^ : L ® Ln c K {CK ®k M) — > LCK ® K M 
given by 

I ®Ln c k (ck ®k m) i— >■ Ick ®k wi- 
lt is easy to see that ir^ is a well defined map and a surjective morphism 
of L-modules. Then put ttm '■= ®ceL\H/K^M an d the proof of the 
Theorem follows. □ 

Remark 4.2. Suppose that for M = k one has that 7T& isomorphism 
in Theorem \1.2i Then using a dimension argument it follows that the 
same epimorphism epimorphism ttm from Theorem \1.S\ is in fact an 
isomorphism for any finite dimensional left H -module M . 

4.2. Mackey pairs. 

Definition 4.3. We say that (L, K) is a Mackey pair of Hopf sub- 
algebras of H if the above epimorphism Km from Theorem IJ.jjl is an 
isomorphism for any finite dimensional left K -module M . 

It follows that (L, K) is a Mackey pair if and only if is an iso- 
morphism, i.e if and only if each tt^ is isomorphism. Then passing to 
dimensions one has that (L, K) is a Mackey pair if and only if 

v ; dimLn C K 

for any simple subcoalgebra C of H. 

Note that for C = kl the above condition can be written as 

v ' dim(L n R ) 

Remark 4.5. Note also that for any Mackey pair it follows that 

dim(Ln D K) _ dim(Ln c K) 
^ ' ' dim DAT ~~ dim CK 

if LCK = LDK. 

4.3. Examples of Mackey pairs of Hopf subalgebras. In this sec- 
tion we give few general examples of Mackey pairs of Hopf subalgebras. 

Example 4.7. Suppose that L, K are Hopf subalgebras of H with 
LK = KL. Then (L, K) is a Mackey pair of Hopf subalgebras of LK. 

Note that the above example also appears in Proposition 3.3 of [3]. 
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Theorem 4.8. Let H be semisimple Hopf algebra and suppose that 
L = kG is a group algebra with G C G(H). Then (L,K) is a Mackey 
pair of Hopf subalgebras for any Hopf subalgebra K of H . 

Proof. One has to verify relation 14.171 for any subcoalgebra C of H. 
Since LCK is a right .ff -module and a subcoalgebra of H it follows 
that LCK is a direct sum of a subset S ofthe set of right cosets of K 
inside H. Note that CK £ S and G acts transitively on this set S. Let 
Gc be the stabilizer of the right coset CK. Thus the subgroup Gc of 
G defined by 

(4.9) Gc = {g £ G \gCK = CK} 

On the other hand note that kG D c K = kGc by the definition of the 
conjugate Hopf subalgebra C K. Thus formula 14.171 becomes 

(4-10) \S\ = ^\ 

which is the same as the formula for the size of the orbit S of CK 
under the action of the finite group G. □ 

4.3.1. Examples coming from gradings on Rep(if*). Let if be a semisim- 
ple Hopf algebra and put C = Rep(iP) as in Example 12.71 Then let 

(4.11) C = ® g&G C g 

be the universal grading of C. It follows that 

dim if* 

(4.12) FPdim(C 9 



dim K(H*) 

for all g £ G where FPdim(C 5 ) := ^y g0 / C s(dim V) 2 is the Perron- 
Frobenius dimension of the full abelian subcategory C g of C. Here 
K(H*) is the Hopf center of H*, i.e the largest Hopf subalgebra of H* 
contained in the center Z(H*). 

Let M and N be two subgroups of G. Define as above L := H(M) 
to be the Hopf subalgebra of H verifying Irr(if(M)*) = 0(C(M)). 
Similarly define K := H(N) with ln(H(N)*) = C { N y 

As in Proposition 12. 171 in this situation a subcoalgebra double coset 
LCK in L\H/K corresponds to a unique group double coset of MxN £ 
M\G/N. Moreover, as coalgebra LCK is given by 

(4-13) LCK = ®{tao{c mxn ) \meM,neN}Ct 

where deg(C) = x. 

Theorem 4.14. Let H be a semisimple Hopf algebra. With the above 
notations (H(M), H(N)) is a Mackey pair of Hopf subalgebras of H. 
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Proof. Fix a simple subcoalgebra C of H with deg(C) = x. One has 
to verify Equation 14.171 First observe that C H(M) = H( X M) where 
X M := xMx~ x is the conjugate subgroup of M. Moreover it is easy 
to verify that H(M) (1 H(N) = H(M n N) for any two subgroups M 
and N of G. Thus L n c if = i?(iV n X M). On the other hand from 
Equation SH note that dim LCK = |MxiV|FPdim(Ci). 

Then Equation 14.171 follows from the following well known formula 
for the size of a double coset relative to two subgroups: 

\M\\N\ 



(4.15) \MxN\ 



|Mn x N\ 

□ 



Theorem 4.16. Suppose that H is a semisimple Hopf algebra. Then 
for any normal Hopf subalgebra K of H one has that (K, K) is a 
Mackey pair of Hopf algebras. 

Proof. Note KC = CK for any subcoalgebra C of K since K is a 
normal Hopf subalgebra of H . Then the dimension condition 14.171 for 
Mackey pair can be written as 

(4.17) M= (jj^^pQ 

for any simple subcoalgebra C of H. 

On the other hand since K is a normal Hopf subalgebra of H by the 
third item of Remark 13.61 one has that K D K = K and therefore the 
above equation is automatically satisfied. □ 

5. A TENSOR PRODUCT FORMULA 

The following tensor product formula first appeared in [2] and then 
in a more general form in [5]. 

Proposition 5.1. Let K be a Hopf subalgebra of a semisimple Hopf 
algebra H . Then for any K -module M and any H -module V one has 
that 

(5.2) Mtf = {M®Vil) tf 

Proof of Theorem II. 4t Applying Proposition 15.11 one has that 

(5.3) M tf ®iV If = (M tf If ®iV) If 
On the other hand, by Theorem II. 21 one has 

(5.4) M tf |f = ©ceiW* ( L ®in o K {CK ® K M)) 
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Thus, 

M tf ®N tf = (M |f ;f ®iV) |f 

®c&l\h/k({L ® in (Cif (gijsf M)) <g) iV) tf 

Applying again Proposition 11.41 for the second tensor product one 
obtains that 

M |f®iVtf ^ ((CK® K M)®Nl L LnCK )t L Ln c K t 1 [ 

^ ®cgl\h/kH ® Ln c K {{CK ® K M)®N i L Ln CK ). 
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